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Abstract. We use the Thorn- Whitney construction to show that infinitesimal defor- 
mations of a coherent sheaf T are controlled by the differential graded Lie algebra of 
global sections of an acyclic resolution of the sheaf End* {£.'), where E' is any locally 
free resolution of T. In particular, one recovers the well known fact that the tangent 
space to DefjF is Ext'^(.7^, J^), and obstructions are contained in Ext^ (JT, .7^) . 

The main tool is the identification of the deformation functor associated with the 
Thom- Whitney DGLA of a semicosimplicial DGLA g^, whose cohomology is concen- 
trated in nonnegative degrees, with a noncommutative Cech cohomology-type functor 
Hic(expg^). 



Introduction 

The classical approach to deformation theory, starting with Kodaira and Spencer's 
studies on deformations of complex manifolds, consists in deforming the objects locally 
and then glue back together these local deformations. During the last thirty years, an- 
other approach to deformation problems has been developed. The philosophy underlying 
it, essentially due to Quillen, Deligne, Drinfeld and Kontsevich, is that, in characteristic 
zero, every deformation problem is controlled by a differential graded Lie algebra, via 
solutions of Maurer-Cartan equation modulo gauge equivalence. The aim of this paper 
is to exhibit an explicit equivalence between the two approaches for the problem of 
infinitesimal deformations of coherent sheaves. 

In the particular case of a locally free sheaf E of Ox-modules on a complex manifold 
X, the Kodaira-Spencer's description of deformations of E is given in terms of the Cech 
functor H^{X; exp £nd{£)), where £nd{£) is the sheaf of endomorphism of £. Indeed, a 
locally free sheaf has only trivial local deformations and so a deformation of £ is reduced 
to a deformation of the gluing data of its local charts, and the compatibility conditions 
these gluing data have to satisfy is precisely expressed by the cocycle condition in the 
Cech functor. On the other hand, it is well known that deformations of £ are controlled 
by the DGLA of global sections of an acyclic resolution of £nd{£), e.g., by the DGLA 
A^* {£nd{£)) of (0, *)-forms on X with values in the sheaf of endomorphisms of the sheaf 
£. 

The equivalence between these two descriptions is best understood by moving from 
set- valued to groupoid- valued deformation functors; see, e.g., OEO]. Associating with 
any open set U in X the groupoid Def^-i^ of infinitesimal deformations of £ over U (over 
a fixed base Spec^d, for some local Artin ring ^4) defines a stack over Topx', this is just a 
one-word way of saying that global deformations of £ are the same thing as the descent 
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data for its local deformations: 



Defp ~ holimDeff-i 



where Ak is the semisimplicial object in Topj^ associated with an open cover U of X. 
Next, one sees that locally the groupoid of deformations of £\u is equivalent to the 
Deligne groupoid of £nd{£){U); since these equivalences are compatible with restriction 
maps, one has an equivalence of semicosimplicial groupoids. Finally, Deligne groupoid 
commutes with homotopy limits of DGLA concentrated in positive degree (see {9j), so 
that 

Def£: ~ ]iplimDel£nd(£)(u) ~ ^^^hohm Snd(e)(U) ■ 

This shows that the problem of infinitesimal deformations of £ is controlled by the DGLA 
holim^/gAw £nd{£){U). It is now a simple exercise in homological algebra showing that 
there is a quasi-isomorphism of DGLAs 

\ioYmi£nd{£){U) ~ A\*{£nd{£)). 

The reader who prefers to not leave the peaceful realm of set- valued deformation functors 
can found a direct (but less enlightening) proof of the equivalence between the Kodaira- 
Spencer's and the DGLA approach to infinitesimal deformation of locally free sheaves 
in [7], where the explicit Thom-Whitney model for holimf/gA^ £nd{£){U) is used. 

We now turn our attention to deformations of a coherent sheaf J-" of Ox-modules on a 
complex manifold or an algebraic variety X. The classical approach to this deformation 
problem is based on a locally free resolution £' ^ T of T\ then, the data of a deformation 
of T are the data of local deformations of £' with appropriate gluing conditions. More 
precisely, the sheaf of differential graded Lie algebras £nd*{£') of the endomorphisms 
of the resolution £' controls infinitesimal deformations of J- via the Cech-type functor 
H^^{X;ex.p£nd* {£')); the subscript Ho refers to the fact that cocycle conditions hold 
only up to homotopy. The functor H^^(X;ex.p£nd*{£')) is actually independent of the 
particular resolution chosen. And again, on the DGLA side, one proves that infinitesimal 
deformations of are controlled by the DGLA of global sections of an acyclic resolution 
of £nd*{£'); in particular, one recovers the well known fact that the tangent space to 
Defjr is Ext^(^, .F), and obstructions are contained in Ext^ , !F) . 

To see why such a result should hold, one has to make a further step and go from 
groupoid-valued to oo-groupoid-valued deformation functors, and to think the whole 
problem in terms of oo-stacks ^101 [Ml [2l| . Indeed, due to the presence of negative degree 
components in £nd*{£'), the groupoids Defj^jj^ are no more equivalent to the Deligne 
groupoids Del^;^^* (£■■)([/); yet from the oo-groupoid point of view it is natural to expect 
that the stack Defjr is locally homotopy equivalent to the oo-stack VIC, {£nd* {£')). Then 
one reasons as in the locally free sheaf case, using the fact that the Kan complexes- 
valued functor MC, commutes with homotopy limits of DGLAs whose cohomology is 
concentrated in positive degree [8]: 

Def^ ~ holimDef^l^ ~ holimMC.(£'n(i* (£")([/)) ~ MC.(holim£'n(i* (£")([/)). 

As above, the homotopy limit holimf/gA^ £nd*[£'){U) is quasiisomorphic to the DGLA 
of global sections of an acyclic resolution of £nd*{£'), which therefore controls the in- 
finitesimal deformations of J^. 
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The aim of this paper is to give a direct proof of this fact at the level of set-valued 
deformation functors. The proof closely follows the argument in [7] and does not rely 
on the conjectural homotopy equivalence between Defj^i^ and MC,{£nd* {£'){U)). More 
precisely, we associate with any semicosimplicial DGLA a set- valued functor of Artin 
rings Zg^j,(expg^) together with an equivalence relation ~ on it, such that the quotient 
functor H^^{ex.pg^) = Z^^{ex.p g'^) / ~ is an abstract version of H^^{X; exp End* {£')) . 
The latter is obtained, as a particular case, by considering the Cech semicosimplicial Lie 
algebra £nd*{£'){U) 



U,.£nd*{£■m)^n^<,£nd*{£■)iU^J)^U^<i<k£rld*{£■mJk)^■■■ . 
Namely, 

H^„{X;exp£nd*{£-)) = \unHl{exp£nd*{£-){U)) 

IT 

and both sides coincide with H^^{exp£nd*{£'){U)), for an i-nd*(£^')-acyclic cover of X. 
Next, we consider the Thom- Whitney model Totrw 0^ for holimg^ and show that there 
exists a commutative diagram of functors 

DGLA^ro" DGLA 

Set^""*>^, 

where DGLA^^o" is the category of semicosimplicial DGLAs with no negative cohomol- 
ogy. From the point of view of oo-groupoids, this can be seen as an explicit description 
of the set 7r<o(MC.(holim0^)). 

The paper is organized as follows: in Section 1 we dicuss deformations of coherent 
sheaves from a classical perspective and show how deformation data can be conveniently 
encoded into a Cech cohomology group with coefficient in a sheaf of DGLAs. In Section 
2, the functors H^^{exp g^) and H^^{X; exp>C) are defined; next, in Sections 3 and 4, we 
recall the definition of the Thom- Whitney DGLA associated with g^ and with its trunca- 
tions g^l""'"] . Sections 5 and 6 are rather technical; namely Section 5 is devoted to a tech- 
nical lemma on Maurer-Cartan elements in the Thom- Whitney DGLAs Tot'ny(5^'°'^' ) 
and TotTVF(0^''''^' ) and Section 6 to the proof of the isomorphism H^^{exp g^l^-^'i) and 
Def^^^ ^^A[Qy^. Finally, in Section 7, we are able to prove our main result (Theorem 

3]): under the cohomological hypotesis H~^[g2) = there is a natural isomorphism of 



funtors L)ef^^^ (g'^[o>2i) — ^sci^^PB^)'' moreover, if H^{gi) = for alH > and j < 0, 
then there is a natural isomorphism of functors DefrpQ^^^_^_(-gA) = H^^{expg^). In the con- 
cluding Section 8, we use this isomorphism to prove that infinitesimal deformations of a 
coherent sheaf J-" are controlled by the DGLA of global sections of an acyclic resolution 
of £nd*{£'), where £' is a locally free resolution of J^. 

While revising this paper, we became aware of ^25j where a similar construction is 
developed and investigated. 



Throughout this paper we work on a fixed algebraically closed field K of characteristic 
zero; the symbol Artg denotes the category of local Artinian K-algebras {A,mA), with 
residue field K. 
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1. Infinitesimal deformations and sheaves of DGLAs 

In this section, we study infinitesimal deformations of a coherent sheaf J- of Ox- 
modules on a smooth projective variety X and explain how these deformations can be 
naturally described in terms of a sheaf of differential graded Lie algebras on X. 

An infinitesimal deformation of the coherent sheaf of Ox-modules J- over A G Artjj 
is given by a coherent sheaf J-'a of Ox ^ A-modules on X x Spec A, flat over A, with a 
morphism of sheaves vr : — > inducing an isomorphism (8)^ K = 

Two deformations J^a , ^' A of the coherent sheaf J- over A are isomorphic if there 
exists an isomorphism of sheaves / : Ta ^' A-, that commutes with the morphisms to 
J-. We denote by Def : Arts Set the functor of infinitesimal deformations of the 
sheaf J^. 

We start by studying infinitesimal deformations of a coherent sheaf of Ox-modules 
on an affine variety X. Let X = Speci?, where i? is a Noetherian K-algebra and let T 
be the coherent sheaf associated with a finitely generated i2-module M; in this simple 
case, deformations of the sheaf J- reduce to deformations of the iti-module M. 

An infinitesimal deformation of the i?- module M over A € Art^ is given hy a R® A- 
module Ma, flat over A, with a morphism vr : Ma M inducing an isomorphism 
Ma <8)a IK = M. Two deformations Ma and of the module M over A are isomorphic 
if there exists an isomorphism of A- modules / : Ma ^'a^ that commutes with 
the morphisms to M. 

Next, let 

(1) ^ ^ ^ M — > 

be a presentation of M as i?-module. If Ma is a deformation of M over A, then it is an 
^-flat R (8) ^-module; therefore, flatness allows to lift relations between generators and 
to construct the exact sequence 

• • • ^ ^ ^ A ^ Ma — ^ 0, 

that reduces to ([T]) when tensored by IK over A. On the other hand, the datum of such an 
exact sequence assures flatness of the R (8) j4- module Ma and so it defines a deformation 
of M over A (see [1, par. 3], or [23^ Theorem A. 31] for details of these correspondences). 
Moreover, if Ma and are isomorphic deformations of M over A, the isomorphism 
between them lifts to an isomorphism between the correspondent deformed complexes 
and viceversa. 

Next, we return to the global case of a coherent sheaf T of Ox-modules on a smooth 
projective variety X. Let 

— , ^ ^ £:0 _^ jr — , 

be a global syzygy for J^, and denote by £' the complex of locally free sheaves 
i£-,d): — >£~'^^ ^£-^^£^^0. 

Let U = {Ui}i^i be an open cover of X, such that every sheaf of £' is free on 

each Ui. 



or Stein, if we work in the complex analytic category. 
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The Kodaira-Spencer approach to infinitesimal deformations of T consists in deform- 
ing the sheaf T locally in such a way that local deformations glue together to a global 
sheaf, or equivalently, in view of the above discussion of the affine case, in deforming 
the complex {S',d) on every open set Ui in such a way that these data glue together in 
cohomology. 

Following this approach, let us make explicit the deformation data: the first datum is 
an element I = G Hi £nd}{£'){Ui) (8) defining, on every open set Ui, a complex 
{£'\Ui^^jd+li) which is a deformation of the complex {£'\ij.,d). Note that the condition 
for {£'\ui A,d + li) to be a complex is the Maurer-Cartan equation: 

dli + ^ [k, k] = 0) for all i E I. 

Also note that, by upper semicontimiity of cohomology, the complex {£'\ui ^ A,d + li) 
is exact except possibly at zero level. To glue together the deformed local complexes 
{S'\ui A,d + li), we need to specify isomorphisms between the deformed complexes on 
the double intersections of open sets of the cover U. Since these isomorphisms will have 
to be deformations of the identity, they will be of the form 

e"*'^ : {£■ |[/. . 0A,d + Ij) ' |[/. . ®A,d + li), 

with m = {mij}i<^j G Yli^^j £ndP {£'){Uij) ^m^. The compatibiliy with the differentials, 
i.e., the commutativity of the diagrams 

£■\u^.®A^^£■\u^^®A 



13 

e *J 



d+li\uf. 



£-\u^^^A^^£-\u,^®A 



can be written as d + li\u,j = e^^^{d + /j|c/,j)e i.e., as 

k\uij = e™'^ * Ij Ic/,, , for all i < j. 

Finally, the above isomorphisms have to satisfy the cocycle condition up to homotopy. 
Indeed, in order to obtain a deformation of !F, we actually do not want to glue together 

the complexes {£'\ui ^ A,d + li), but rather their cohomology sheaves. In other words, 
we require e™3'=e^™*'=e'"*J to be homotopic to the identity on triple intersections. Taking 
logarithm, what we require is that rrijk • —rriik • rriij is homotopy equivalent to zero, i.e., 

for some n = {riijkjijk £ Y].i<:j<:k^''^d~^i^ )i^ijk)- This homotopy cocycle equation is 
conveniently rewritten as 

Next, let explain how the data introduced above are concretely linked with deforma- 
tions of the coherent sheaf T over A. As the homotopy cocycle equation is satisfied, the 
local ^-flat sheaves of Ox\ui ®^-modules J'A,Ui '■= 'H*{£'\ui ^A, d + li) glue together to 
give a global coherent sheaf J- a which is a deformation of J-. On the other hand, every 
deformation J^a of the sheaf can be obtained in this way. Indeed, the resolution {£' ,d) 
locally extends to projective resolutions {£'\ui ® A, d+li) of J-A\Ui] these deformed local 
resolutions are linked each other on double intersections by isomorphisms of complexes 
lifting the identity of J^a and the compositions of these isomorphisms on triple inter- 
sections arc homotopy to the identity, since they lift the identity of J^a and liftings are 
unique up to homotopy. 
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Let now Ta and T' a be isomorphic deformations of the sheaf T ^ associated with 
deformation data (/,m) and {l',m'), respectively. The restriction to every open set Ui 
of the isomorphism between Ta and J-"' a lifts to local isomorphisms between the cor- 
respondent deformed complexes. Since these isomorphisms specialize to identities of 
{£'\Ui,d), they are of the form e"* : {£'\u, <S) A,d + k) {£'\u^ ® A,d + where 
a = {ai}i G Y\i^^d^{^ ^'^A- As above, compatibility with the differentials trans- 
lates into the equations 

e"' *li = I'i, for all i G /. 

Finally, since the local isomorphisms e"' lift a global isomorphism in cohomology, the 
diagrams 

{£■ I (^A,d + lj\ ) {£■ \u,^^A,d + li\u,^ ) 

{£-\u^^ ®A,d + /;.|c7,J ^ {£-\u.^ A d + 

expressing compatibility with the gluing morphisms, commute in cohomology. Moreover, 
since the compositions e~™'*-''e~'^'e™''J e"^ lift the identity of J- a on double intersections 
and liftings are unique up to homotopy, these compositions are homotopy to identity 
and, reasoning as above, we find 

for some h = {6jj}i<i ^ Wi<j^^d^^{£'){Uij) ® mA- Viceversa, if for the deformation 
data (/,m) and {V ,m') there exist a = {ai}i G Y\i^''^d^{£'){Ui) '^mA and b = {6jj}j<j G 
Y\i<j £nd'^^{£'){Uij) 0mA that satisfy equations above, the local isomorphisms e"' glue 
together in cohomology to give a global isomorphism of the correspondent deformed 
sheaves !Fa and T'a- 

Summing up, we have shown that in the Kodaira-Spencer approach, infinitesimal 
deformations of the coherent sheaf are controlled by the sheaf of DGLAs £nd*{£'), via 
the equations above. At the end of Section[7l we will apply techniques of semicosimplicial 
DGLAs developed in this paper to recover the classical well known fact that the functor 
of infinitesimal deformations of !F has Ext^(.F, ^) as tangent space and its obstructions 
are contained in Ext^ (J^, JF) . 

Remark 1.1. The above description of the functor of infinitesimal deformations of is 
actually independent of the resolution chosen. Indeed, the DGLAs of the endomorphisms 
of any two locally free resolutions of J- are quasi- isomorphic (see, e.g., \22\ Lemma 4.4]). 

Remark 1.2. If the sheaf is locally free, then we can take its trivial resolution 
^ ^ 0; thus, we recover the well known fact that the infinitesimal deformations of 
are controlled by the sheaf £nd{T) of the endomorphism of J-" , via the Cech functor 

H^{X, £nd{T)). 

Remark 1.3. Note that the results of this section actually hold under the hypotesis that 
!F admists a global syzygy. This hypothesis is always satisfied, but in the general case 
the resolution is less obvious. Indeed, following Illusie [121 Section 1.5], for any sheaf !F 
of Ox-modules on a topological space X, one can construct the standard free resolution 
of T: 
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Its terms are defined by recurrence: TZ{T)^ is the free slieaf of Ox-modules associated 
with the presheaf U i— >■ Ox{U)'^^^\ given on every open set f7 C X by the free Ox{U)- 
module generated by T{U); Tl{Ty is the free sheaf of Ox-modules associated with the 
presheaf U ^ Ox{U)'^^^y''^^\ given on every open set U C X hy the free OxiU)- 
module generated by 'JZ{J^y~^{U). 

To define morphisms , let's write explicitly elements in TZ{ J^y (U). An element in 
n{Tf{U) is of the form /i^, where a*" € Ox{U), fig G J^(V), and we used the 
to denote the action of Ox{U) on the free Ox(^^)-niodule generated by J^{U), in order 
to distinguish it from the action of Ox{U) on the Ox(f^)-iiiodule J'{U). Recursively, an 
element in lZ{J-y (U) is of the form 

where a*^"^ G Ox{U), fi^ G ^{U). The differential of the resolution is defined as = 
Ei=o(-l)*4' where 4 : T^i^V — ' n{J^y-^ is defined by 

The relevant fact is that the sequence of free sheaves of Ox-modules {Tl{J^)' , D ) ^ T 
is a resolution of J-" [12\ Theorem 1.5.3]. This construction can be done for every sheaf 
J- of Ox-modules on a topological space X; Illusie obtains it as an example of the 
even more general construction of the standard simplicial resolution of a pair of adjont 
functors [IH Section 1.5]. 

2. SeMICOSIMPLICIAL DGLAS AND THE FUNCTOR H^^^exp Q^) 

A semicosimplicial differential graded Lie algebra is a covariant functor Amon 
DGLA, from the category Amorn whose objects are finite ordinal sets and whose mor- 
phisms are order-preserving injective maps between them, to the category of DGLAs. 
Equivalently, a semicosimplicial DGLA is a diagram 



5o I 01 ? 02 



where each 0j is a DGLA, and for each i > there are i + 1 morphisms of DGLAs 

dk,i-- Qi-i ^ Qi, k = 0,...,i, 

such that dk+i,i+idi^i = di.i+idk,i, for any k>l. 

A classical example is the following: given a sheaf C of DGLAs on a topological space 
X, and an open cover U of X, one has the Cech cosimplicial DGLA C{U), 

a m) =^ n^<j m,) ^ w^<,<k ^^iu^jk) ^ • • • , 

where the morphisms dk^i are the restriction maps. 

Definition 2.1. Let be a semicosimplicial DGLA. The functor 

Zi,(expg^) : ArtK^Set 
is defined, for all A G Artg, by 

dl + \[l,l] =0, 
di,il = e^ * do,il, 

do,2m • -di^2fn • 82,2^ = dn + [92,2<9o,i/, n] 
for some n G (g) 



Z,^,(exp0^)(A) 



(/,m) G (00 0?) (gmA 
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Remark 2.2. In DGLA theory, given a DGLA L and a Maurer-Cartan element x in 
MCl(^), the set 

Stab(2;) = {dh + [x,h]\h e L^^ mA} 
is called the irrelevant stabilizer of x. Note that Stab(x) C stab(x), where stab(x) = 
{a € (S) rriA \ e^ * x = x} is the stabilizer of x under the gauge action of (S) mA on 
MCl(^). Also note that, for any a G L° (g)mA, e^e^^'^^^^^e"" = e^^'^^'-y\ with y = e"-*x. 

We now introduce an equivalence relation on the set Zg^(exp q^){A) as follows: we 
say that two elements {lo,mo) and (/i,mi) G Z^^{exp g^){A) are equivalent under the 
relation ~ if and only if there exist elements a E Qq<S> and b E ^ v^a such that 

--h 

-di^ia • mi • 9o,ia = db + [9o,i/oi b]. 

Remark 2.3. The relation ~ is actually an equivalence relation on Z^^(exp q^){A) . First 
note that the set Z^^{exp q^){A) is closed under ~. Indeed, let {lQ,mo) and (/i,mi) e 
(flo ® 5?) ^ be equivalent under ~ via elements a E Qq (8) m-A and b G (8" m^, and 
suppose that {lo,mo) € Zg^{exp q^){A). Then /i = e" * /q satisfies the Maurer Cartan 
equation and 

Moreover, an easy calculation, using relations between maps dj^k and Remark 1 2. 21 shows 
that 90,2"^-! • "^^1,2™-! • ^^2,2™-! is an element of the irrelevant stabilizer of d2^2do,ih- 

Secondly ~ is an equivalent relation. Reflexivity is trivial; for simmetry, let {lo,mo) 
and (/i, TTT-i) be equivalent via elements a € flg and b S ^rriA, then e~°'*li = Iq 
and — mi«(9i^i(a)»mo«— 5o,i(a) = do^i{a)» — {db+[do^ilo,b])»—do^i{a) is an element of the 
irrelevant stabilizer of (?o,i/i, by Remark [2. 2 1 Next, let (/o,m-o) ~ via a G So^rriA 

and b G gj""^ ® vxa, and (Zi,mi) ~ (/2,'"^2) via a G 0q (8) and /3 G 5]""'^ iX) itia; then, 
e"*'^ *lo = l2 and 

-mo«5i,i(-(6«a))»m2«9o,i(6«a) = -mo • -9i,i(a) • •m2 • (9o,i(&) • c^o,i(a) = 

-mo • -9i,i(a) • mi • {db + [(9o,i^o, ^]) • <9o,i(a), 
by Remark 12. 2t it is an element of the irrelevant stabilizer of Oq^iIq, therefore ^ is 
transitive. 

Definition 2.4. Let be a semicosimplicial DGLA, the functor 

H^^iexpg^) : Art^ ^ Set 
is defined, for all A G Artg, by 

Hiiexpg^)iA) = ^M-^^^^^, 

Remark 2.5. Note that, if is a semicosimplicial Lie algebra, i.e., if all the DGLAs g^ 
are concentrated in degree zero, then the functor H^^{expQ^) reduces to the one defined 
in[7|. 

Lemma 2.6. The projection it : Zgj.(expg^) — > H^^{exp g^) is a smooth morphism of 
functors. 

Proof. Let /3 : B — j4 be a surjection in Art^, we prove that the map 

Zsc{eWB^){B) — > H^^{expg^){B) x^i^(,^p gA)(A) Zi^(exp g^)(^), 
induced by 
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Zi,(exp0^)(i?) Zi(expg^)(A) 



i/i(exp0^)(i3) — i/i(exp0^)(A), 

is surjective. Let ([(/, m)], (/q, mo)) G i?i(exp 0'^)(S) x^i^(^^pgA)(^) Zs\,(exp 0^)(A), then 
{(31, (3m) and (Zo,''7t.o) are gauge equivalent in Zg,,(exp 0'^)(A), i.e., there exist a G ©o^m^ 
such that * jSl = Iq and —/3m • — Si^io • mo • i9o,io = + [(9o,i/3^, 6], for some b G 
0^^ (8> m^- Let a G 0o (X) m^ and b G 0]'"'^ (8) xvlb be liftings of a and b, respectively. The 
element (e° * l,di^id • m • {db + [do,il,b]) • — 5o,ia) G Z^^{exp g^){B) is a pre-image of 
([(/,m)],(/o,mo)).' ' ' □ 

Next, let >C be a sheaf of DGLAs on a topological space X and U = {Ui}i^i an 
open cover. Considering the Cech cosimplicial DGLA C{U), we can define the functor 
H^^(exp C{h()) . This functor depends on the cover U, but as shown in the following 
Lemma, the limit over open covers is a well defined functor: 

F^o(X;exp/:) = lim H^^{expC{U)) : Art ^ Set. 

Lemma 2.7. Let lA = {Ua}a<^i o,nd W = {t^ajoe/' open covers of X with W refine- 
ment of U and let : I' ^ I two refinement maps. Then, the induced morphisms 
P(P, Pip ■ H^^{exp C{U)) — > H^^{ex.p C{U')) coincide. 

Proof. Both (j) and ip induce, for all A G Artjc, a morphism Z^^{exp C{U)){A) — > 
Z^^{expC{U')){A), defined sending {li,mij) to p^{li,mij) = ilcj,a\u^,,'m^a,<pf3\u'^i^) and 
Pi(,{li,mij) = (/,/)a|[/^,m^Q^^/3|u^'^), respectively. Therefore, it remains to prove that 

p^{li,mij) ~ pip{li,mij), for all {li,mij) G Z^^{ex.p C(U)){A), i.e., for all a G /', there 
exists aa ^ CP{U'^) ® tua such that 

-m^aMu'^p • -Oalc/^^ • rnipa,4;f3\u'^^ * O/^lc/^^ ^ Stab(/^^ | [/^^ ) . 

A simple computation shows that it is enough to choose Oq := rn^acpalu' j fo'^ all a in 

' " □ 

Remark 2.8. Having introduced the limit H^^{expC), for a sheaf of DGLAs £ on a 
topological space X, the results of Section [1] can be restated as follows: the functor of 
infinitesimal deformations of a coherent sheaf .F on a projective manifold X is 

Def^ ^ H^^{X;exp £nd*{£-)), 

where is a locally free resolution of J^. 

The example of coherent sheaves on projective manifolds together with the DGLA 
approach to deformation theory suggests that the functors of Artin rings i7s\,(exp0^) 
could actually be isomorphic to functors Def^(gA-) for some DGLA L{g^) canonically 
associated with 0^. We are going to show that, under the cohomological hypothesis 
H~^{q2) = 0, it is indeed so. More precisely, we are going to prove that, if H~^{q2) = 0, 
then the functor of Artin rings H^^{ex.pg^) is isomorphic to the deformation functor 
associated with the Thom- Whitney DGLA of the truncation 0^[o.21 . 
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3. The Thom- Whitney DGLA Totrwis^) 
Let 0^ be a semicosimplicial DGLA. The maps 

di = do,i - ai,, + • • • + {-iydi,i 

endow the vector space Qi with the structure of a differential complex. Moreover, 
being a DGLA, each Qi is in particular a differential complex 

j 

and since the maps dk,i are morphisms of DGLAs, the space 

has a natural bicomplex structure. The associated total complex 

(Tot(0^),dTot) where Tot(0^) = g.H], dxot = 5^ + (-l^d,- 

i id 

has no natural DGLA structure. Yet there is an other bicomplex naturally associated 
with a semicosimplicial DGLA, whose total complex is naturally a DGLA. 

For every n > 0, denote by J7„ the differential graded commutative algebra of poly- 
nomial differential forms on the standard n-simplex A": 

_ K[to, . . . ,tn, dtp, . . . , dtn] 

Denote by 5^'^-. 0^ — > k = 0, . . . ,n, the face maps; then, one has natural mor- 

phisms of bigraded DGLAs 

for every Q < k < n. 

The Thom- Whitney bicomplex is defined as 

CTiy(0^) = {{^n)nm G f^n ® fl'n I '^'^'"^n = 5fc,„X„_i V < A: < n}, 

n 

where Vt]^ denotes the degree i component of Its total complex is a DGLA, called the 
Thom-Whitney DGLA, and it is denoted by TotTwid^)', denote by dTw the differential 
of the Thom-Whitney DGLA. It is a remarkable fact that the integration maps 



/ (g)Id: J7„ (g)0„ ^ ]K[n] (g)3n = SnN 



give a quasi-isomorphism of differential complexes 

/: {TotTw{9^),dTw) ^ (Tot(0^),dTot). 
Moreover, Dupont has described in [3ll3] an explicit morphism of differential complexes 

E: Tot(0^) ^ TotTw(0^) 

and an explicit homotopy 

h: TotTH^(0^) ^ TotTw(0^)[-l] 

such that 

IE = IdTot(gA); EI - IdTotTH'(0'^) = drw]- 
We also refer to the papers [21 (U [19] for the explicit description of E, h and for the 
proof of the above identities. Here, we point out that E and h are defined in terms of 
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integration over standard simplexes and multiplication with canonical differential forms: 
in particular, the construction of TotTwid^)} Tot(g'^), /, E and h is functorial in the 
category DGLA^™°" of semicosimplicial DGLAs. 

Recall that with a DGLA L there is a canonically associated deformation functor 
Defi, defined as the solutions of Maurer-Cartan equation modulo gauge action (or, 
equivalently, modulo homotopy equivalence). Moreover, the tangent space to Defi, is 
H^{L) and obstructions live in H^{L). Thus, with a semicosimplicial DGLA is also 
associated the deformation functor De^rp^^^^(^gAy, its tangent space is 

rDefTot,^(gA) - Fi(TotTTy(s^)) - i?HTot(0^)) 
and obstructions live in 

H-'iTotTwid^)) = //2(Tot(0^)). 

Let A+Qj^ the category obtained by adding the empty set to the category Amon- 
An augmented semicosimplicial differential graded Lie algebra is a covariant functor 
A+Qjj DGLA, from the category A^^^ to the category of DGLAs. Equivalently, an 
augmented semicosimplicial DGLA is a diagram 

0-1 ^ 00 j 01 i 02 I • • • , 

where the truncated diagram 

00 01 =f 02 =^ • • • 

is a semicosimplicial DGLA and 

c^o,o : 0-1 00 

is a DGLA morphism such that 9o,i9o,o = c^i,if^o,o- 
Remark 3.1. There is a morphism of DGLAs 
0_1 ^ TotTiy(0^) 

the image of x is an element in TotTw(0^) because of equations 0i^i9o,o = c^o,i(^o,o and 
dk+i^i+idi^i = di^iJ^idk^i, for any k > I. This morphism is obtained as the composition of 
the natural inclusion g_i ^ Tot(0^) with the morphism E : Tot(0^) TotTiy(0^)- 
The existence of the DGLA morphism 0_i TotTvy(0^) is not surprising; indeed, it is 
induced by the natural morphism limg^ — holimg^. 

We use augmentation to link the Thom- Whitney DGLA of the Cech semicosimplicial 
DGLA of a sheaf of DGLAs with the DGLA of global sections of an acyclic resolution of 
the sheaf. This result is a translation of Theorem 7.2 in [7J in terms of the Thom- Whitney 
DGLA. 

We recall that if £ is a sheaf of DGLAs on a topological space X and U is an open 
cover of X, the associated Cech semicosimplicial differential graded Lie algebra is: 

du) : a, j^m =^ u^<J m,) ^ u^<j<k mjk) ^ • • • . 

A morphism ip: C ^ A of sheaves of DGLAs is a quasi-isomorphism if it is a quasi- 
isomorphism of sheaves of differential complexes, i.e., if it induces linear isomorphisms 
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between the cohomology sheaves, 

Moreover, if is an acyclic sheaf for any k, then ip: £ ^ ^ is called an acyclic resolution 
of/:. 

Theorem 3.2. Let X be a paracompact Hausdorff topological space, C a sheaf of differ- 
ential graded Lie algebras on X, and ip: C ^ A an acyclic resolution. Also let A = A{X) 
be the DGLA of global sections of A. Then, ifU is an open cover of X which is acyclic 
with respect to both C and A, the DGLA TotTvy (>C(Z^)) naturally quasi-isomorphic to 
the DGLA A. 

Proof. The natural inclusion A AilA) gives an augmented semicosimplicial DGLA, 
and so it induces a morphism of DGLAs A — s- TotTw{A{U))., that is the composition 
of the natural inclusion A — > Toi{A{U)) with the quasi-isomorphism E : To{,{A{U)) — > 
Toixw {A{U)) , by Remark I3.1i Since the sheaves A^ are acyclic and Z//-acyclic, and 
A^ = H^{X; A^), the inclusion A —>■ Tot{A{U)) is a quasiisomorphism. Indeed, we have 
a natural identification H* {Tot{A{U))) = M*{X;A), and the spectral sequence abutting 
to the hyper cohomology of X with coefficients in A degenerates at E2, giving 

M^{X;A)= El''^ = E^'^ = H\A). 

p+q=k 

Then, A — > ToiTw{A{U)) is a quasi-isomorphism of DGLAs. 

The morphism p: C ^ A induces a morphism of semicosimplicial DGLAs 

p: C(U) A{U), 

and a morphism of complexes 

p: TotTw^(£(W)) ^ TotTw{A{U)). 

Since the open cover U is >C-acyclic, the cohomology of the total complex Tot{C{U)) is 
naturally identified with the hyper cohomology of X with coefficients in £., 

H*{Tot{C{U))) ^ M*{X;C), 

and the induced linear map 

H*{p): H*{Tot{C{U))) H*{Tot{A{U))) 

is identified with the linear map 

M* (p) :m*{X;C)-^ M* (X; A) 

induced in hypercohomology. Since, by hypothesis, p is a, quasi-isomorphism of sheaves of 
DGLAs, the induced map in hypercohomology is an isomorphism, and so the morphism 
p: Tot{C{U)) Tot(^(^)) is a quasi-isomorphism of complexes. 

Via the composition with quasi-isomorphisms E and / between the total complex and 
the Thom- Whitney total complex of a semicosimplicial DGLA, the morphism p induces 
a quasi-isomorphism of DGLAs 

TotTwmi^)) TotTw{A{U)). 

Therefore, we have the chain of quasi-isomorphisms of DGLAs 

TotTwmi^)) ^ TotTw{A{U)) A A. 



□ 
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4. Truncations 

Let 



: 00 01 =g 02 =^ 03 



be a semicosimplicial DGLA. Let mi G N and m2 G N U {oo} with mi < m2, we denote 
by g^[™'i''"2l the truncated between levels mi and m2 semicosimphcial DGLA defined by 



Qn for mi < n < m2 
otherwise, 



with the obvious maps _ q^ .^ ^^j. < i < m2, and _ otherwise. For 

any positive integers mi,m2,ri,r2, such that < mi, the map Id[„^ ,,2]- 0^'™i''"2' 
g^['i,'-2l given by 



(g ['"l>'"2l)„ 



Idg^ if mi < n < r2 
otherwise. 



is a morphism of semicosimphcial DGLAs; it induces the natural morphism of com- 
plexes (f) : Tot(0^['"i''"2l) — > Tot(0^[''i'''2l) and the natural morphism of DGLAs 4^ : 
TotTiy(0^'™i''"2') TotTiy(0^'''i'''2l)- Note that we have an homotopy commutative 
diagram of complexes 



Tot(0^["'i'™2l) ^ Tot(0^['-i''^2 



E 
A, 



TotTiy(0 ^ TotTiy(0 

Proposition 4.1. Let 0^ be a semicosimplicial DGLA such that H^{Qi) = 0, for all 
^ > and j < 0. Then, the morphism Id[o^2] induces a natural isomorphism of functors: 

DefTotTw.{gA) ^ Def^^^^^^^Afo ^,^ • 

Proof. It is a well known fact (see, e.g., [17J for a proof), that a DGLA morphism which 
is surjective on H^, bijective on and injective on induces an isomorphism between 
the associated deformation functors. Since the above homotopy commutative diagram 
identifies H*{tp) with H*{(j)), it is enough to prove that H^{4>) is surjective, H^{4') 
is bijective and H'^{(j)) is injective. This is easily checked by looking at the spectral 
sequences associated with double complexes of 0^ and g^P.^l . □ 

Remark 4.2. Observe that, for any semicosimplicial DGLA 0^, we have Z^^{ex.pg'^) = 
^^^(exp 0'^IO'21 ) and i^sc(exp 0^) = H^^i^xp 0^[O'2l ). Moreover, the inclusion Z^^{exp 0^) ^ 
Zg\.(exp 0'^'"'il ) induces an injective map H^^{expQ'^) ^ ffg^j,(exp 0^[O'il ). 

Remark 4.3. For later use, we point out that, if 0^ is a semicosimplicial DGLA with 
^"^02) = 0, then Def^ ^ , a^^ 2,, is trivial. Indeed, //^(Totriy (0^^-21 )) = ^"^02) = 
0. 

Remark 4.4. Note that, by the definition of H^f.{exp g^) it follows that, if H^^{g2) = 0, 
then 

rFi(exp0^) = ifi(Tot(0^[o.2l)). 
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Hence, the two functors of Artin rings Hg^{exp q^) and Def^^^ (g^lo-^l) ^^^^ naturally 
isomorphic tangent spaces when H~'^{q2) = 0. We will show in Section [7] that in this 
case these two functors are actually isomorphic. 

5. A LEMMA ON MAURER-CARTAN ELEMENTS 

We will now give an explicit description of the solutions of Maurer-Cartan equation 
for the DGLAs TotrwiQ^^"-^^) and Tot^iy (g^^io ^l ). Our main tool will be the following 
general result [Bl Proposition 7.2]: 

Lemma 5.1. Let {L,d, [ , ]) be a differential graded Lie algebra such that: 

(1) L = M(BC(BDas graded vector spaces. 

(2) M is a differential graded subalgebra of L. 

(3) d: C ^ Z?[l] is an isomorphism of graded vector spaces. 

Then, for every A € Artjc there exists a bisection 

a: MCa/(>1) X (C°(»mA)^MCL(A), {x,c)^e^*x. 

As almost immediate corollaries we obtain: 

Proposition 5.2. Let be a semicosimplicial DGLA. Then, for every A G Artjc, the 
solutions of the Maurer-Cartan equation for the Thom-Whitney DGLA TotTvy(s^'°'^' ) 
xnA are of the form {x, e^*^*) * Oq^ix), where x G MCqq{A) and p{t) G {9i[t] ■ t) (g) rriyi. The 
elements x,p are uniquely determined, and they satisfy 

(2) di^ix = eP(^) * do^ix. 

Proof Notice that TotTvy(0^"''" ) is a sub-DGLA of 0offi^i®0i- Then, Lemma El] with 
the decomposition of Jli gi given by 

M = 0i, C = Qi[t]-t, D = dC 

tells us that every solution of the Maurer-Cartan equation for ToiTw{Q^^°'^^) is of 

the form specified above. □ 

Proposition 5.3. Let be a semicosimplicial DGLA. Then, for every A G Art^, the 
solutions of the Maurer-Cartan equation for the Thom-Whitney DGLA ToiTwiQ^^^'^^)® 
m.A are of the form 

where x G MCgo(A), p{t) G (Si[t] • t) ® m^, q{so,si) G (flal'So, ^i] • sq + 02['5o, si] • si) (^m^ 
and r(so, si, dso, dsi) G (g^^[so,si] ■ sodsi) (8) m^. The elements x,p,q,r are uniquely 
determined, and they satisfy 

' di^ix = e^^^^ * do^ix, 
\do^2Pit) = q{0,t), 

\di,2Pit) = q(t,o), 

e(-92,2p(t)).(g(t,i-t)+r(i,i-t,rft))»(-g(o,i)) * a2,2<9o,ia; = <92,25o,ia;- 

Proof. Since TotTVK(0^'°'^' ) is a sub-DGLA of 0o © f^i <8i 0i © 02, applying Lemma 
15.11 with the decomposition of ^ 02 given by 

M = Q2, C = Q2[so,Si] ■ So + 52[so,Si] ■ Si+ Q2[sQ,Si] ■ sodsi, D = dC 
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we obtain that every solution of the Maurer-Cartan equation for TotTw{9^^°''^^) is 
of the form 

(x, e^'-*'' * y, Q<li^O,si)+r{so,si,dso,dsi) ^ ^-j^ 

with the face conditions 

y = do,ix; z = 9o,29o,ix. 
The first relations in ([3]) are a direct consequence of face conditions and uniqueness. The 
last one is obtained as follows. The last face condition is 

52,2 (e*'(*) * do,ix) = e'?(*'i-*)+Kt,i-t,'^t) ^ 5o,25o,ix; 
using the other face conditions and relations between maps d^^i, we obtain that 

<92,25o,ix = 50,2^1,12; = 9o,2(e^^^^ * do,ix) = 6^^°'^^ * 5o,2<9o,ix. 
Then, the above equation becomes 

e^^.^f W * 52,25o,ix = e('?(*.i-*)+KM-t,rft)).{-g{o,i)) , a2,2ao,ix. 

□ 

6. The isomorphism H}Jexp g^iO'^'i) ^ Def^ , a,^,,, 

'''-^ ' TotTiv(g 

Proposition 6.1. Let be a semicosimplicial DGLA. The map 

■■ MC^^^^^(^A(o,„^(A) ^ (0^) 0?) 0m^, 

given by 

(x,ePW *do,ix) ^ {x,p{l)), 
induces a natural transformation of functors of Artin rings 

Proof Clearly, if (x, e^W * ^o.ix) G MC^^^^^^^A[o,„^(^), then {x,p{l)) G ^^^(exp o^Io.H ). 

We have to show that if two elements ryo = (xo,e^°^*^ * Bq^iXq) and rji = (a;i,e^^^*^ * 
5o,iXi) in MC^^^^^^^A[o are homotopy equivalent, then $[o,i](%) ~ ^[o,i](m) in 

Zg^j,(exp 0'^[o,i] Let z{£^,d^) be an homotopy between ryo and 771. Therefore, is 
a Maurer-Cartan element for TotrvK(0^''''^')[Ci and so, reasoning as in the proof of 
Proposition 15. 2^ we find 

with r(0) = U{t, dt; 0) = 0. Since 2(0) = we get 

z{^,dO = (e^(«) * xo,e^(*''^*;«) * ef«W * ^0,1X0). 

The face conditions for 2:(^,(i^) and uniqueness imply 

C/(0; = do,iT{0 and U{1; = di,iT{0. 

Moreover, z(l) = r]i, and so 

(e^W *xo,e^(*''^*'i) *eP''W *9o,iXo) = (xi, e^^W * ^o.ixi); 
by uniqueness again, we have 

T(l) 

e ^ ' * xq = xi. 

Furthermore, e^^*'*^*'^) * 6^"^*^ * do^ixo = e^^*^*^ * 9o,iXi, so, using the face conditions for 
T]Q and rji, we obtain 

do ixo = e-P«(*)-^(*''^*;i)'PiW'^o.^^(i) * do ixo 
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Next, we recall [11, Lemma 6.15] that if L is a DGLA, x{t,dt) is a Maurer-Cartan 
element for L[t,dt] and fj,{t,dt) G L[t,dt]^ is such that e^*^*'*^*) *x(t,dt) = x{t,dt), then 
/Li(l) is an element of the irrelevant stabilizer of x(l). Therefore, in our case we get 

-Po(i) • -5i,ir(i) .pi(i) . ao,ir(i) g stab(5o,ixo). 

□ 

Proposition 6.2. Let g'^ be a semicosimplicial DGLA. The map 

^[o,i]:Def^o,,^(^.,,,^-i?i(exp0^M) 

is an isomorphism of functors of Artin rings. In particular, H^^{exp Q^i"''^^) is a defor- 
mation functor. 

Proof Let ^-[0,1] : Z4(expg^lo.il)(^) ^ TotTW/(0^[O'il ) (g) be the map given by 
(/,m) 1-^ (/,e*'^ * 9o,iO; it is immediate to check that <&[o,i] actually takes its values 
in MC^^^ ^^A[Q Moreover, ^'[0,1] induces a map 

^sc(exp0^'o>^l)(^) - Def^^^^^(^.,,,^(^), 

which is the inverse of <&[o,i]- Indeed, if {lo,mo) ~ {h,mi) in Z^^{exp Q'^i°''^^){A), then 
there exist elements a G flg (gi and 6 G gj"^ (8) itia such that 

6°^ * /o = ^1 

—mo • —di^ia • mi • do,ia = db + [9o,i^O) 
Therefore, the images (/q, e*'"°*5o,i/o) and (/i, e*™i *i9o,i/i) are homotopic via the element 
z{^,d(,) = {e^"" * Iq, e*(^i'i(^")"^o'('^(^'')+[^0'i'o''^''l)*~^'',i(Ca))»9o,i(Ca) ^ 

The composition $[0,1] o *[o,i] : Z^^{exp g^lo,i]^(^A) ^^^^(exp g^ldl )(^) is clearly the 
identity, whereas the composition ^' [0,1] o$[o i] : MC^^^^^^^^Ajq ^ ^ (^) ^ MC^^^^^^^Ajq ^^(A) 

is homotopic to the identity. Indeed, {x, e^^*-* *dQ^ix) and (x, e*^^^) *9o,ix) are homotopic 
in MC^^^^^^^A[o_i]^(A) via the element z{C,d^) = (x, e«*P(i)+(i-«)PW * 5o,ia;). □ 

Remark 6.3. A particular case of Proposition 16.21 with an almost identical proof, has 
been considered by one of the authors in [llj. Namely, given three DGLAs L, M and 
and two DGLA morphisms h: L ^ M and g: N ^ M, one can consider the semicosim- 
phcial DGLA 

(0,9) ^ ^ 

L(^N^^ /Vf n • • • 

{h,0) ^ 

to reobtain [ll. Theorem 6.17]. 

7. Proof of the main theorem 

In this section, we prove the existence of a natural isomorphism of functors of Artin 
rings H^^{expQ^) = Def^^^ ^^A^g^iy any semicosimplicial DGLA such that 

-^^"^(02) = 0. As an immediate consequence we obtain a natural isomorphism of defor- 
mation functors H^^{expQ^) = DefrpQ^^^j^gA), for any semicosimplicial DGLA 0^, such 
that W{Qi) = for i > and j < 0. 

The proof is considerably harder than in the case 0^[o>il considered in the previous 
section. Indeed, we are still able to define a map MC^^^ , Ajq j]-, ~^ ^sd^^PQ^) 
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inducing a natural transformation Def^^^ (g'^io-^l) ~^ -^^scl^xp 0'^), but we will not be 
able to explicitly define an homotopy inverse to ^, so we will have to directly check that 
the map Def^^^ (g^I0 2i) ~^ H^d^'^PQ^) an isomorphism. 

Proposition 7.1. Let be a semicosimplicial DGLA. The map 

^ ■ ^^Tot,,,(0-lo,21)(^) ^ (00 ® 0?) ^^A, 

given by 

induces a natural transformation of functors of Artin rings 

Proof. First we check that $ takes its values in Zg\,(exp q^){A). The only nontrivial point 
consists in showing that — 92,2P(1) • c^i,2P(l) • — c^o,2P(l) is an element of the irrelevant 
stabilizer of 52,2'9o,i2^- This follows by the face condition 

e(-92,2PW).(g(M-t)+r-(t,i-Mi)).(-<?{o,i)) , a2,25o,i^ = d2,2do,ix, 

applying [11' Lemma 6.15] once again. Next, we notice that the equivalence relation ~ 
on Zg^^(exp 0^)(yl) only involves the DGLAs go and gi; hence, we can conclude verbatim 
following the proof of Proposition 16.11 

□ 

Proposition 7.2. The map <I> : Def^^^ ^^A^^,2]^{A) H^^{ex.p g^){A) is surjective. 

Proof. Let {l,m) G Z^^{exp q^){A) and n € 02 ^(gDrriA, such that (?o,2f™»— <9i^2"i*<92,2W' = 
dn + ^[92,29o,iZ, n]. Consider the element w(t) = d{tn) + \[d2^2do^il,tn] in the irrelevant 
stabilizer of ^2,2^^0,1^ and 

X sod2.2m • -w{so) • sodo,2m • -sodi,2m 

ii{So, si) = sqSi ■■ ■■ • sodi.2m • Slao,2"^. 

so(l-so) 

Then, 

(/,e*™*9o,i/,e^(^»'^i)*ao,29o,iO 
is an element in MC^^^ ^^A[o2]-)(^) the fiber of ^ over {l,m). Indeed, clearly it 
satisfies the Maurer-Cartan equation in go © Si ® ^1 © 02 "X) ^^2; the first face conditions 
follow easly noticing that -R(0, t) = t9o,2'7i and R{t, 0) = tdi,2'm; for the last one, we 
have: 

^R{t,l-t) ^ 5q 2^0,1/ = e*^2,2m.-«;(t).0o,2m ^ ^^o,!/ = 
= e^92,2m—w{t) ^ ao,25i,i/ = e^d2,2m—w{t) ^ Q^ ^^Q^^^l = ^td^flm ^ d2,2do,ll. 

□ 

We will prove that the map $ : Def^^^ ^^A^g^i^i^) ~^ -f^icC^xp g^)(^) is injective, 
under the hypothesis i7~^(g2) = 0. For this we need two remarks. 

Remark 7.3. Let {L,d,[ , ]) be a DGLA, A G Artg and x £ © rriyi- The linear 
endomorphism dx = d + [x, ] of L ® is a differential if and only if x G MCl{A), 
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and in this case (L m^, dx,[ , ]) is a DGLA. So, we can define the set of the Maurcr- 
Cartan elements MC|,(yl) and the gauge action of {L^ ® m^jda;, [ , ]) on it. We denote 
by Def I (A) the quotient of MCf, (^4) with respect to the gauge action. The affine map 

V H- > V — X. 

induces an isomorphism DefL(A) = Deff,(^) with obvious inverse v ^ v + x. 

Next, let M C L be a sub-DGLA and let x G MCl(^). If M (g) is closed under 
the differential d^, then wc can consider the set of Maurcr-Cartan elements MC5^(A), 
and its quotient Y)ei%j{A). The tangent space to Y)ei\j{A) is H^{M mA,dx); so, by 
upper semicontinuity of cohomology, (M, d) = implies that Def |^ (A) is trivial, for 
all X e MCl(^) such that d^iM (g) m^) CM® m^. 

Remark 7.4. For any semicosimplicial DGLA g^, the truncation morphism 

TotV(0'^>°''l) ^ TotV(S^'°'^0 

is surjective, i.e., for any (ao,ai) G Totj.yj/(0^['''il) there exist 02 G (02 ^2)^ such 
that (00,01,02) G Totyy[^(g^[0'21). To see this, write ai{t,dt) = a1{t) +a'^^{t)dt; then a 
possible choice for 02 is 

02(59, si,dso,dsi) = 02(50, si) + a2^{so,si)dsQ + 03 j(so, si)c?si + 02^(^0, si)dsodsi, 

with 

^"(^o, si) = 5i,20?(so) + 9o,2a?(si) - 5i,2a?(0) 

52,2a?(so) - 5i,20?(so) - 5o,20?(l - so) + 5o,2a?(0) 



+ si- 



«2 0(^0, Si) = 9i,20i ^(sq) + -^^(92,201 ^(So) - 5i,20i ^(sq) 

i - So V 

+ ^0,20^^1 - So) - so(9o,2ar^(0) j ; 

02^(50, si) = 9o,2a5;^(si)dsi - sodo,2ai^{0); 
a2^(so,si) = 0. 

It is an easy computation to verify that the element (oo, 01,02) actually satisfies the face 
conditions. 

Proposition 7.5. Let be a semicosimplicial DGLA, such that H~^{q2) = 0. The 
map $ : Def^^^^^^ ^.^A;,, 2,^(A) H}^{exp q^){A) is injective. 

Proof. Consider the commutative diagram 

Id,, 



I^«fTow(.-to,.)(^) Def,„,,^(/,,,)(^) 

* — *[0,11 

HUe^P5^){A) -^-^ i/i,(expfl^[o.il)(A); 
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since the map ^*[o,i] is an isomorphism by Proposition 16.21 it is sufficient to prove 
that Id[o^i] is injective. Let {xq,xi,X2) and {xq,x'i,X2) be two Maurer-Cartan elements 
for Tot'rvK(0^'°'^')) such that {xo,xi) and {xq,x[) are gauge equivalent elements in 
MC^^^ ^^A[gy^(^). Let (ao,ai) G TotJ^^r{Q^'^°'^^) (8) rriA be an element realizing the 
gauge equivalence between {xq,x'i) and {xo,xi), and let (ao, 01,02) be a lift of (ao,ai) 
in Tot2.^(0^[°'2]) (8) rriA (see Remark I7.4j) . Then {xq,x[,X2) is gauge equivalent via 
(00,01,02) to the Maurer-Cartan element {xo,xi,e'^^ * X2) and we are left to prove 
that (xo,xi,e"2 * ^2) is gauge equivalent to (xo,xi,X2). 

To see this, consider the DGLA TotrvK(0^''''^' ) ^ and modify its differential with 
the Maurer-Cartan element {xq,xi,X2), as in Remark 17.31 Translation by {xo,xi,X2) 
gives an isomorphism 

hence (xq, xi, X2) and (xq, xi, e"''^ * x'2) will be gauge equivalent in MC^^^ ^^A[„ 2]-j(^) if 
and only if (0, 0, 0) and (0, 0, e"^ * x'2 — X2) are gauge-equivalent in ]V[C*-^°'^^'^^L (^)- 

Next, observe that the sub-DGLA TotrwiQ^''^'^'^) of Totrw a is closed 

under the modified differential d(^xo,xi,x2)-> so we can consider the deformation functor 
j3^^(xo,xi,x,) Since Fi(TotTiy(0^l^-^l),dTiy) = //HTot(0^M ), (ixot) = ^"^02) = 

0, this deformation functor is trivial (see Remark 17. 3p . Therefore (0,0, e"^ * x'2 — X2) is 
gauge equivalent to (0, 0, 0) as an element oi M&°^''^'''^\^^^^ {A), and so, a fortiori, as 

an element of MC^"^'"'"^''"^! (A). □ 

Summing up, and recalling Proposition 14. H we have proved: 

Theorem 7.6. Letg^ be a semicosimplicial DGLA, and letTotTwid^) andTotTwid^^"'^^) 
be the Thom-Whitney DGLAs associated with and g^'"'^', respectively. Assume that 
H~^{q2) = 0; then, there is a natural isomorphism of funtorsDef^^^ (g'^io-^i) ~ ^sd^^P d^) 

If moreover H^{Qi) = for all i > and j < 0, then there is a natural isomorphism 
of funtors DefrpQ^^^^gA) = H^^{ex.p g^) . In particular, in this case, the tangent space to 
i?g\,(expg^) is //^(Tot(g^)) and obstructions are contained in i?^(Tot(3^)). 

Theorem 7.7. Let X be a paracompact HausdorfJ topological space, and let C be a sheaf 
of differential graded Lie algebras on X, such that the DGLAs C{Ui^^,,,i^) has no negative 
cohomology. Then, every refinement V > U of open covers of X induces a natural 
morphism of deformation functors DefTotrvy(£(W)) ~^ ^^^Totj.^{C{V))- particular, the 
direct limit 

Def[£] = liniDefTotTM.{£{W)) 
u 

is well defined and there is natural isomorphism of functors of Artin rings 

Moreover, if acyclic open covers for L are cofinal in the directed family of all open covers 
of X, then 

H^^{X;exp£) ^ H^^{exp£{U)) and Def[£] ^ DefTow(/:(W))> 
for every C-acyclic open cover hi of X. 



20 



DOMENICO FIORENZA, DONATELLA lACONO, AND ELENA MARTINENGO 



Proof. Let V >U he a refinement of open covers of X, and let r be a refinement function, 
it induces a natural morphism of semicosimplicial Lie algebras C{U) — > C{V) and so a 
commutative diagram of natural transformations 

DefTot:rw'(£(V)) Hi{expCiV)). 

Horizontal arrows are isomorphisms by Theorem 17.61 and the right vertical arrow is 
independent of the refinement function r, as observed in Lemma 12.71 Hence, also the 
left morphism is independent of r, then the direct limit 

Def[£] = limDefTotTM'(£(w)) 
u 

is well defined and we have a natural isomorphism Def[£] = H^^{X ; exp C) . Assume 
now that acyclic open covers for C are cofinal in the family of all open covers of 
X. Then, for any refinement V > U oi acyclic open covers, the DGLAs-morphism 
Totrw TotTVK(>C(V)) is a quasi-isomorphism by Leray's theorem. Therefore, 
we have a commutative diagram of natural transformations 

I 

^eiTotTwiCiV)) Hi{expC{V)), 

where also the right vertical arrow is forced to be an isomorphism. Taking the direct 
limit over £-acyclic covers, we obtain that, if U is an £-acyclic open cover of X, then 
H^^iX; exp C) ^ H^,{exp C{U)) and Def [^j ^ DefTot^H^(£(w)) • □ 

8. Conclusions and further developements 

We can now sum up our results to obtain a DGLA description of infinitesimal defor- 
mations of a coherent sheaf. In Section [H we analised infinitesimal deformations of a co- 
herent sheaf of Ox-™odules on a ringed space {X, Ox)- If i?' ^ ^ ^ is a locally free 
resolution of on X, we showed how infinitesimal deformations of J- can be expressed 
in terms of the sheaf of DGLAs £nd*{8'). More precisely, in Section [2l we showed that 
the functor of infinitesimal deformations of J- is isomorphic to H^^{X; exp £nd* {£')). 

Since negative Ext-groups between coherent sheaves are always trivial, all terms in 
the semicosimplicial DGLA £nd*{£'){U) have zero negative cohomology. Therefore, The- 
orem 17.61 applies and we obtain that the functor of infinitesimal deformations of J-" is 
isomorphic to Def[£-„^» ; in particular, we recover the well known fact that the tangent 
space to Defjr is Fjxt^{T,!F) and that its obstructions are contained in Ext^{!F,T). 

Moreover, if X is a smooth complex variety, then the DGLA controlling infinitesi- 
mal deformations of J- turns out to be not at all mysterious. Indeed, let £nd*{£') — >• 
A-^*{£nd*{£')) be the Dolbeault resolution of £nd*{£'). Since this resolution is fine, 
by Theorem 13.21 the functor of infinitesimal deformations of J- is isomorphic to the 
deformation functor associated with the DGLA AP-^ {£nd* {£')) of global sections of 
AJ{£nd*{£-)). We can also give an explicit description of this isomorphism of defor- 
mation functors. Indeed, a natural isomorphism 

(Snd' (£■ )) (^) ^ Def ^(5) , for S e ArtK 
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is defined by associating with every Maurer-Cartan element ^ of the DGLA Aj^*{£nd*{£')) 
the cohomology sheaf of {A^j^*{£') B,d + d^- + ^). Note that, by semicontinuity, this 
cohomology sheaf is concentrated in degree zero. 

The techniques developed in this paper apply to a wide range of other geometric 
examples. More explicitly, we can use them in all cases when local deformations admit 
a simple DGLA description in terms of a resolution of the object to be deformed, for 
instance, in the case of infinitesimal deformations of a singular variety. Namely, let X be 
a singular variety. Ox the sheaf of regular function of X and TZ' Ox its standard free 
resolution [12', Section 1.5]. Then, the deformation functor of infinitesimal deformations 
of X is isomorphic to H^^{X; exp Der* {TZ')); see j5] for details. From this, we also recover 
the classical result that the tangent space to deformations of X is Ext^(Lx, Ox)) and 
that obstructions are contained in Ext^(Lx,Ox)) where Lx is the cotangent complex 
of X. 
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